The quality of Medical Service in the Orthopaedic clinic of the NKST Rehabilitation Hospital Mkar is constantly threatened by the inadequacy of hospital beds across wards. This is due to the high influx of patients needing this specialized healthcare service. The optimal number of beds required in each ward to ensure patients are not turned away and beds are not underutilized has not been determined scientifically. It is important to mention that the consequence of patients being turned away is the loss of revenue to this hospital and frustration on the part of patients. This paper has been able to address this problem via the analytical queuing modeling approach. The queuing model has been able to determine the optimal number of beds required in the wards, successfully ensured that no patient is turned away from the wards and no revenue is lost. Though the model has being able to solve the problem of patients been turned away from the wards and that of revenue loss, it is not without the challenges of coping with the holding cost of empty beds across as the wards. The optimal number of beds for the wards (Private, Alam, Chile and Dooase) are respectively 85, 99, 86 and 105, while the mean number of empty beds is respectively 22, 24, 30 and 25.
INTRODUCTION
According to Gorunescu et al [9] , "an under-provision of hospital beds lead to patients in need of hospital care being turned away. Consequently, patient dissatisfaction, build-up of waiting list and stress characterize the hospital system. For example, when insufficient medical beds are provided to meet demands, emergency medical patients spill over into surgical beds; therefore, surgical waiting list increases as planned admissions are postponed. On the other hand, an over provision of hospital beds is a waste of scarce resources."
The aforementioned scenario is a picture of the problems currently facing the orthopaedic clinic arm of the NKST Rehabilitation Hospital Mkar, Benue State, Nigeria. The hospital was established in 1930 by the Dutch Reformed Church Mission of South Africa. The main objective of the hospital is the treatment and rehabilitation of orthopaedic patients. It is the referral hospital for community based rehabilitation in the State. It receives patient for orthopedic rehabilitation from neighboring states; Adamawa, Plateau, Taraba, Cross River and Akwa Ibom. The quality of medical service in the orthopaedic clinic is constantly threatened by the inadequacy of hospital beds across wards. This is due to the high influx of patients needing this specialized healthcare service. The optimal number of beds required in each ward to ensure patients are not turned away and beds are not underutilized has not been determined scientifically. It is important to mention that the consequence of patients being turned away is the loss of revenue to the hospital and frustration on the part of patients.
The followings are indicative of some applications of queuing models in solving problems associated with hospital bed occupancy optimization. Steve et al. [13] via a mathematical modeling approach based on probability theory studied booked inpatient admissions and hospital bed capacity of an intensive care unit after cardiac surgery. A queuing model for bed occupancy management and planning of hospitals was developed by Gorunesco et al. [9] . The model was used to describe the movements of patients through a hospital department and to determine the main characteristics of the access of patients to hospital such as; mean bed occupancy, and probability that a demand for hospital care is lost because all beds are occupied. They present a technique for optimizing the number of beds in order to maintain an http://journals.uob.edu.bh acceptable delay probability at a sufficiently low level and finally they provide a way of optimizing the average cost per day of empty beds against costs of delayed patients. They established that 10-15% bed emptiness is necessary to maintain service efficiency and provide more responsive and cost effective services.
Arnoud et al. [3] modeled an emergency cardiac inpatient flow using queuing theory while, three bed prediction models to aid hospital bed planners in anticipating bed demands so as to manage resources efficiently were proposed by Arun et al. [1] . A queuing approach in determining optimal number of beds in a hospital serving Urgent and Non-urgent patients was used by Abolnikov and Zachariah [2] . Bhavin and Pravin [5] describe the movement of patients in a hospital by using queuing model with exponential arrival and service time distributions (M/M/1). Bagust et al. [4] studied the dynamics of bed use in accommodating emergency admissions via a stochastic simulation modeling approach. The result showed that the risk of failure to admit occurs at occupancy rate above 85%.
Jean et al. [10] developed a method not based on queuing theory. Their method is based on the simultaneous maximization of the mean and standard deviation of three (3) parameters namely; assessing accessibility, clinical effectiveness and productive efficiency. This was compared to the target ratio method using simulated data. The result demonstrated that in all the situations, the method is more appropriate since unlike the target ratio method, it considered the fluctuation of demands for bed over time. De Bruin et al. [8] reported the dimensioning of hospital wards using the Erlang loss model. The authors argue that though most hospitals use the same target occupancy rate for all wards, often 85%, sometimes an exception need be made for critical care and intensive units. They pointed out that this equity assumption is un realistic and that it might result in an excessive number of refused admissions particularly for smaller units. They used queuing theory to assess the impact of this assumption and also to develop a decision support system to evaluate the current size of the nursing unit.
Christoper et al. [7] in a work titled Myths of ideal hospital occupancy argued the result of Bagust et al [4] which state specifically that; risks are discernable when average bed occupancy rates exceed 85% and that an acute hospital can expect regular bed shortages and periodic bed crises if average bed occupancy rises to 90% or more. They contended by emphasizing that this conclusion can only apply to the particular queuing system the authors investigated and that generalization and application of this result can be misleading and not justified. They buttress their point by stating that there is a more fundamental problem with making general statements that relate blocking probability with steadystate mean occupancy. It was concluded that a better way is to relate queue performance measures to inputs such as the arrival, service process and the number of beds.
Asaduzzaman and Chaussalet [15] , developed a model framework to solve capacity planning problems that are faced by many perinatal networks in the UK. They proposed a loss network model with overflow based on a continuous time Markov chain for a perinatal network with specific application to a network in London. Steady state expressions for overflow and rejection probabilities for each neonatal unit of the network were derived on the basis of a decomposition approach. Results obtained from the model were very close to observed values. Using the model, decisions on numbers of cots were made for specific levels of admission acceptance probabilities, for each level of care at each neonatal unit of the network and specific levels of overflow to temporary care.
Griffths, et al. [16] , proposed a mathematical model that shows how improvements in bed management may be achieved by distinguishing between two categories of patients; unplanned (emergency) and planned (elective). This was done for a Critical Care Unit (CCU), where inability to provide adequate facilities on demand can lead to serious consequences. They explained that the vast majority of previous literature in this field is concerned only with steady state conditions, whereas in reality, activities in virtually all hospital environments are very much time dependent. They made considerable efforts in addressing this problem.
Diwas and Singh [17] , explored the rationing of bed capacity in a cardiac intensive care unit (ICU). They found that the length of stay for patients admitted to the ICU is influenced by the occupancy level of the ICU. In particular, they stated that a patient is likely to be discharged early when the occupancy in the ICU is high which in turn lead to an increased likelihood of the patient having to be readmitted to the ICU at a later time. This capacity implication was analyzed by comparing the total capacity usage for patients who were discharged early versus those who were not. They also showed that an aggressive discharge policy applied to patients with lower clinical severity levels frees up capacity in the ICU and that an increased number of readmissions of patients with high clinical severity levels occur when the ICU capacity is constrained, thereby effectively reducing peak bed capacity.
Bower [18] , examined the balance between operating theatres and beds in a specialist facility providing elective heart and lung surgery. It was state that without both operating theatre time and an Intensive Care bed a patient's surgery has to be postponed and that while admissions can be managed; there are significant stochastic features, notably the cancellation of theatre procedures and patients' length of stay on the Intensive Care Unit. In collaboration with the clinical and management staff, a simulation model was developed to explore the interdependencies of resource availabilities and the daily demand. The model was used to examine options for expanding the capacity of the whole facility. It was stated that ideally the bed and theatre capacity should be well balanced but unmatched increases in either resource can still be beneficial. The study provided an example of a capacity planning problem in which there is uncertainty in the demand for two symbiotic resources. The robust application of queuing models in solving problems associated with bed occupancy in hospitals, guided the researchers in selecting it as the analytical tool for this work.
AIM AND OBJECTIVES OF THE STUDY
The aim of this study is to improve on the quality of orthopaedic ward service in the NKST Rehabilitation Hospital Mkar. The specific objectives include: (i) To compute patients' delay probabilities to admission in each ward (ii) To determine the mean number of beds occupied across wards (iii) To determine the percentage utilization of beds across wards (iv) To determine the optimal number of beds for delay probability zero across wards (v) To determine the mean number of patients turned away across wards (vi) To determine the average loss of revenue over the period of average length of stay across the wards (vii) To determine the mean number of empty beds across wards.
To contribute to the efficient management of the orthopedic clinic of the NKST Rehabilitation Hospital Mkar.
MODEL DESCRIPTION AND EQUATIONS
We consider the M/E k /c, k-Erlarge queuing model with fixed 'c' number of beds where a patient who finds that all beds are occupied is considered lost. In practical situation these patients wait elsewhere or go back home. It is assumed here that the patient arrivals follow a poison process with rate and the service time is the phase type which according to Gorunescu et al., (2002) has probability density function
According to them, the parameters may be estimated using likelihood ratio test. The average number of arrivals occurring during an interval is therefore, the average number of arrivals during an average length of stay is (2.3) this is called the offered load. In this work, the arrival rate is estimated from data as the average number of arrivals per day, while the average length of stay is also estimated from data on the length of stay of patients in a ward over the period of study. According to Cooper [6] and Tijims [14] , the probability of having occupied beds is given by
where and a is as defined above. The statistical equilibrium of depends on the service time distribution only through its mean. This occurs if after a sufficiently long period of time, the state probabilities are independent of the initial conditions. Gorunescu et al., [9] deduced that the probability that all beds are occupied or the fraction of arrivals that is lost (patient delay probability) is given by the Erlang's loss formula:
is the mean number of occupied beds called the carried load and we add that the mean number of patients turned away called the lost demand is given as: ( ) (2.7) and ⁄ (2.8) is the bed occupancy in percentage (%) Four (4) wards in the orthopaedic clinic of the Mkar Rehabilitation centre were studied. Each has a fixed charge per day in the ward. This is shown in Table 1 . The revenue lost by the clinic over a period of average length of stay in the ward is given as: (2.9) This information provides an idea of the amount of money the clinic will lost when patients are turned away.
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The mean number of empty beds is computed as the optimal number of beds less the carried load
3.THEORITICAL BASIS FOR SENSITIVITY ANALYSIS
Here, the theoretical basis for sensitivity analysis carried out in the work is shown. Gorunescu et al., [9] obtained optimal number of beds for delay probabilities
In this work, we were able to determine optimal number of beds across wards with delay probability zero Recall from equation 2.5 that,
There is no guarantee that ( ) by simply letting , but ( ) ⁄ ∑ ( ⁄ ) This means that as the number of beds becomes large, we are guaranteed that the delay probability tends to zero. From equation (2.6), the mean number of occupied beds is ( ) . If we let ( ) as earlier infered, then (3.2) Showing that t . Hence from the result of the sensitivity of the number of beds to delay probability ( ) the optimal number of bed is easily determined when . We mention here that due to the enormous task of computing ( ) in equation 2.5 and for the purpose of accuracy, the Microsoft Excel package (2003) was programmed and used.
SOURCE OF DATA AND DISTRIBUTION FIT
Data on patients' admission and discharge dates were sourced from the orthopedic clinic records across four (4) wards; Private, Chile, Alam and Dooashe wards of the NKST Rehabilitation Hospital Mkar. The period covered is six months (January to June). The distribution fit to data on number of arrival of patients to the wards and their length of stay was done using the Predictive Analytical Software (PASW) and the Easy Fit version 5.5 professional distribution fitting software respectively. Table 2 and table 3 show the distribution fits and the parameter details respectively for number of arrival of patients and their length of stay in each ward.
RESULT
This section presents the distribution of number of beds on ground and charge per day across wards, the results of the distribution fits to data on the number of arrival of patients and their length of stay in each ward. Furthermore, the results on the relationship between the number of beds and each of the system performance measures (delay probability, mean number of occupied beds, bed occupancy, mean number of patients turned away and the revenue lost over an average length of stay) across wards is presented. Table 1 below, shows the distribution of beds and charge per day across wards , while, tables 2 and 3 show respectively, the distribution fits and the parameter details for number of arrival of patients and their length of stay in each ward using the chi-square ( 
Distribution of beds, charge per day and distribution fit

The relationship between the number of beds and system performance measures
In this section, the relationship between the number of beds and the system performance measures are tabulated and presented graphically across the wards. 
DISCUSSION
This section is concerned with the discussions on the analysis of the bed occupancy problem confronting the clinic, the optimal number of beds determined for each ward, the relationship between number of beds and system performance measures and the distribution fits to admission and length of stay data across the wards.
Discussion on the analysis of the bed occupancy problem across wards
The sensitivity analysis of the system performance measures to changes in the number of beds began with the actual number of beds in each ward; 10, 24, 42 and 24 beds for the Private, Alam, Chile and Dooashe wards respectively (table 1) . The inadequacy of these beds across the wards has translated into high delay probability of patient's admission into the wards, a high number of patients being turned away from the wards and a high loss of revenue over the period of average length of stay in the wards. The Private ward shows an offered load of 63 patients, a carried load of 10 patients and a delay probability of 0.84. This translates into 53 patients being turned away on the average and a loss of N31,800.00 of revenue over the period of average length of stay. It is this unpleasant situation across the wards that necessitated this research in order to determine the optimal number of beds across wards. The constraint for optimality is that patient delay probability must be zero which means no patient is turned away.
Discussion on the optimal number of beds determined for each ward
From the results of the sensitivity analysis across wards in tables 4-7, observe that the optimal number of beds is determined when the delay probability is zero and that occurs as soon as the offered load equals the carried load as earlier proved (equation 3.2). The result of this optimal number of beds is shown in ward. This will ensure that no patient is turned away and no revenue is lost in the ward. This optimal result is not without a price as the average number of empty beds is 22, 24, 30 and 25 respectively for the aforementioned wards. Gorunesco et al. [9] in their case study affirmed that 10-15% bed emptiness is necessary to maintain service efficiency and provide more responsive and cost effective services. In this work, we see this as a price to be paid for improved service as the hospital management must learn to cope with the holding cost of these empty beds. 5.3 Discussion on the relationship between the number of beds and the system performance measures across the wards Observing across the wards shows that their exist an inverse relationship between the number of beds and the delay probability, the bed occupancy, the mean number of patients turned away and the revenue lost in each wards. The mean number of occupied beds is the only performance measure that revealed a direct variation with the number of beds. This is because it increases as the number of beds increases and decreases as the number of beds decreases. It is important to mention that despite the direct and inverse relationships established, the graphs depict the steady state nature of the results. The steady state sets in when the offered load equals the carried loads. On the graphs, it is seen at the point of optimality; where the graph begins to straighten out despite further increase in the number of beds. See figures 1-20 for details.
Discussion on the fitted distribution of number of arrivals and length of stay of patients in the wards
Data on patient's admission and discharge dates were used for the distribution fit. The Poisson distribution was ascertained to fit the number of arrival of patients to the wards while the k-Erlang distribution fit their length of stay in the wards. Table 2 and table 3 show the distribution fits and the parameter details. These distribution fits agree with those of Gorunescu et al. [9] in their M/E K /c queuing model for bed occupancy management and planning of hospitals
CONCLUSION AND RECOMMENDATIONS
From the result of the sensitivity analysis of the variation of the number of beds with the systems performance measures, the following conclusions were drawn. (i) That the queuing model has been able to determine the optimal number of beds required in each ward. (ii) That the queuing model has successfully ensured that no patient is turned away from the ward and no revenue is lost. (iii) That though the model has being able to solve the problems of patients been turned away from the wards and that of revenue loss, it is not without the challenges of coping with the holding cost of empty beds across the wards. As part of future research efforts, the cost of empty beds should be balanced with the cost of delayed patients in determining the optimal number of beds in each ward of the clinic.
